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Abstract
In this short note we discuss the shellability of (nonpure) simplicial complexes in terms of acyclic orientations of the facet-ridge
incidence graphs, which shows that we can decide shellability only from the facet-ridge incidences and the total number of faces
the simplicial complex contains.
© 2007 Elsevier B.V. All rights reserved.
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Shellability of simplicial complexes has been an important topic in the area of combinatorics and has been extensively
studied by many researchers. See for example [1,7] for the background. In this note, we treat shellability for nonpure
simplicial complexes. For the terminology and further details, see [2].
A simplicial complex  is partitionable if its face poset P() is partitioned into intervals [(Fi), Fi], where Fi is
a facet of  and (Fi) is a face of Fi . In this case we say  induces an interval partitioning of . It is well-known
that shellability implies partitionability by setting (Fj ) to be the minimum face of Fj which is not contained in
F1 ∪ F2 ∪ · · · ∪ Fj−1 for a shelling F1, F2, . . . , Ft . ((F1) = ∅.) See for example [2].
The possibility of interval partitioning does not imply shellability in general. Here we introduce a digraph associated
with the interval partitioning. That is, we deﬁne a digraph G with nodes {F : facets of } and an arc is deﬁned from F
to F ′ if (F ) ⊂ F ′. (Equivalently, an arc is deﬁned from F to F ′ if there is a face H ∈ [(F ), F ] with H ⊂ F ′.) With
this notation we have the following characterization of shellability, which is an easy corollary of [2, Proposition 2.5].
Proposition 1. A simplicial complex  is shellable if and only if  is partitionable by intervals [(F ), F ] such that
the graph G associated with this partition is acyclic. 
Here the linear extensions of G are shellings of  if G is acyclic. This proposition appears in [3] for generalized
shellings.
In the simplicial complex , facets are maximal faces, and in this note we deﬁne ridges to be faces R whose covers,
i.e., faces F with F ⊃ R and dim F =dim R+1, are all facets. The faces which are covered by a facet but are not ridges
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Fig. 1. Ridges and pseudoridges, G and G′.
are pseudoridges (Fig. 1). Let G be the facet-ridge incidence graph of , and G′ be the graph to which the incidences
between facets and pseudoridges are appended. Given an orientation O of G, we extend the orientation to G′ by
additionally giving an orientation from each pseudoridge to its covering facets, and from other facets to the pseudoridge
(see Fig. 1). For an orientation O of G, we set O(F ) := F ∩ (
⋂{R:R is a ridge of  and F → R in O}). This
setting is a slight generalization of Kleinschmidt andOnn [5] to nonpure complexes (by replacing+ and− by “F → R”
and “F ← R”).
For a face H of , let G′(H) be the subgraph of G′ induced by the nodes corresponding to the facets, ridges
and pseudoridges containing H. Using this notation, we have the following proposition which is derived by an easy
observation. (It appears in the proof of [5, Proposition 3.1].)
Proposition 2. A face H is contained in the interval [O(F ), F ] if and only if F is a source of the graph G′(H) under
the orientation O. 
Thus, if G′(H) has at least one facet as its source for every face H of , then the intervals {[O(F ), F ]:F is a facet
of } cover P(). In particular, because |[O(F ), F ]| = 2out- deg(F ), this implies
∑
F :facet of 
|[O(F ), F ]| = kO0 + 2 · kO1 + 22 · kO2 + · · · + 2d+1 · kOd+1f ,
where f :=∑di=−1fi is the number of faces in , and kOi is the number of facets whose out-degree is i. Moreover, if
the equality holds under this condition, then the intervals give a partitioning of P().
An orientation O of G is admissible if the in-degree of each ridge is at least one. Let us consider an acyclic and
admissible orientation of G. Note that O on G is acyclic if and only if it is acyclic on G′. This implies that, for each
face H of , G′(H) has at least one source because G′(H) is also acyclic. Further, the sources should be facets because
no ridges can be sources by admissibility. Thus, the inequality above holds for all acyclic and admissible orientations.
Theorem 3. Let  be a simplicial complex and G its facet-ridge incidence graph. Then, we have
min(kO0 + 2 · kO1 + 22 · kO2 + · · · + 2d+1 · kOd+1)f ,
where the minimum is taken over all acyclic admissible orientations O of G, and equality holds if and only if  is
shellable.
Proof. The ﬁrst part is already shown by the observations above, so we show the characterization of the equality case.
When the minimum value is achieved, the corresponding acyclic orientation O∗ induces an interval partitioning. So
what is left for the “only if” part is to show that GO∗ is acyclic if G (or equivalently G′) is acyclic.
Assume G′ is acyclic. Let F → F ′ be an arc of GO∗ . From the deﬁnition of GO∗ , this means that O
∗
(F ) ⊂ F ′.
Here, both F and F ′ are nodes of G′(O∗(F )), and by Proposition 2, the face F is the unique source of G′(O∗(F )).
This shows that there is a directed path from F to F ′ in G′(O∗(F )), thus in G′, because there always exists a directed
path from the unique source to any node in an acyclic graph with a unique source. From this we conclude that if GO∗
has a directed cycle then G′ also has a directed cycle which is a contradiction.
The “if” part is essentially the construction used in [5, Theorem3.6] andwe additionally check the induced orientation
is acyclic. We assume  is shellable. Then Proposition 1 gives an interval partitioning induced by  with G acyclic.
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We form an orientation O of G from  such that F → R if R ∈ [(F ), F ] and F ← R otherwise, for each ridge
R of each facet F. By construction, there are sequential arcs F → R and R → F ′ in G only if there is an arc
F → F ′ in G, which shows G is acyclic. On the other hand, every ridge is contained in exactly one interval, thus
O is admissible. Moreover, O satisﬁes that (F ) = F ∩ (⋂{R:F → R}). This, together with the observation before
this theorem, shows that the minimum value f is achieved by O. 
Remarks
1. In Theorem 3, an optimum orientation O∗ induces an interval partitioning if  is shellable, thus the f-triangle and
the h-triangle (see [2]) of  are completely determined from the facet-ridge incidences if  is shellable: the number
of facets whose dimension is j − 1 and whose out-degree is j − i under O∗ equals hj,i , where {hj,i}0 i jd+1
is the h-triangle. It follows from this that the coefﬁcients kO∗i are calculated by k
O∗
i =
∑d+1
j=i hj,j−i . In particular, if
 is pure, we have kO∗i = hd+1−i , where (h0, h1, . . . , hd+1) is the h-vector of .
2. In an optimum orientation, all the ridges have in-degrees exactly 1 because G′(R) for each ridge R should have
exactly one source in this orientation. Thus, the condition of admissibility can be strengthened into that the in-degree
of each ridge equals 1.
3. Kalai [4] showed the similar fact that, among acyclic orientations of the graph of a simple polytope, the minimizer
of the same function as in Theorem 3 (replacing “out-degree” by “in-degree”) characterizes the “good orientations.”
See also [6] for its relation to shellability. Because all the ridges of the facet-ridge incidence graph of the dual
(simplicial) polytope have degree 2, together with the remark above, Theorem 3 is a generalization of this result of
Kalai with a different proof.
4. Kleinschmidt and Onn [5] introduced the notion of signability and showed it is equivalent to partitionability.
Theorem 3 implies a bridging statement between partitionability and shellability: “acyclic signability” is equivalent
to shellability. We remark, however, that we cannot get a characterization of partitionability by just removing
acyclicity from Theorem 3. One reason is that acyclicity is needed in showing “” of the inequality. Also the
restricted way of giving orientations around the pseudoridges causes a problem in the nonpure cases.
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